















Published for SISSA by Springer
Received: September 25, 2018
Revised: October 3, 2018
Accepted: January 4, 2019
Published: January 14, 2019
Sub-eikonal corrections to scattering amplitudes at
high energy
Giovanni Antonio Chirilli
Institut fur Theoretische Physik, Universitat Regensburg,
D-93040 Regensburg, Germany
E-mail: giovanni.chirilli@ur.de
Abstract: Most of the progress in high-energy Quantum Chromodynamics has been ob-
tained within the eikonal approximation and innite Wilson-line operators. Evolution
equations of Wilson lines with respect to the rapidity parameter encode the dynamics of
the hadronic processes at high energy. However, even at high energy many interesting
aspects of hadron dynamics are not accessible within the eikonal approximation, the spin
physics being an obvious example. The higher precision reached by the experiments and the
possibility to probe spin dynamics at future Electron Ion Colliders make the study of devi-
ations from eikonal approximation especially timely. In this paper, I derive the sub-eikonal
quark and gluon propagators which can serve as a starting point of studies of these eects.
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It is well known that high-energy behavior of QCD amplitudes can be described by the
evolution of relevant Wilson-line operators. The typical example is the deep inelastic
scattering (DIS) at low Bjorken xB, where the T-product of two electromagnetic currents
can be approximated by a perturbative expansion in terms of coecient functions (photon
impact factors) and matrix elements of Wilson-line operators evaluated in the proton or
nucleus state. The evolution equation of the Wilson-line operators with respect to the
rapidity parameter provides the energy dependence of the cross section. This procedure
takes the name of high-energy Operator Product Expansion (OPE) (see ref. [1] for a review
on Wilson-line formalism in high-energy QCD).
The operator describing the DIS scattering amplitude is a trace of two Wilson lines.
Its evolution equation with respect to the rapidity of the elds generates a hierarchy,
the Balitsky-hierarchy [2], of evolution equations. The Balitsky-hierarchy is equivalent to
the Jalilian-Marian-Iancu-McLerran-Weigert-Leonidov-Kovner (JIMWLK) [3{6] evolution
equation thus, they are referred to as B-JIMWLK equation. The Balitsky-Kovchegov (BK)
equation [7, 8] is the rst of the Balitsky hierarchy and it is obtained in the mean eld
approximation. Its linearization coincides with the BFKL [9, 10] equation (for a review,
see ref. [11]).
The OPE in terms of composite Wilson-line operators [12] has been applied up to NLO
accuracy in processes like DIS [13, 14] and proton-nucleus collisions [15, 16]. In ref. [17]
the analytic expression of the  cross section has been computed using the NLO OPE
in linearized (BFKL) form.
A relevant part of the program of the proposed Electron Ion Collider [18{20] is dedi-
cated to the study of DIS with spin. Since the high-energy OPE formalism developed so
far is suitable only for unpolarized scattering processes, the extension of such formalism to
high-energy spin-dynamics for Transverse Momentum Distribution (TMD) functions and
g1 structure function is in strong demand.
The high-energy OPE in terms of innite Wilson lines is based on a semi-classical
description of the process. In eikonal-approximation, the quantum free wave function of
a particle propagating in a classical external eld is modied by a simple phase factor in
QED or gravity [21, 22], and by a path-ordered exponential in QCD [23{25]. In high-energy
QCD the rapidity parameter serves as a discriminator between classical and quantum elds
and the propagation of fast moving particles in an external led is described by eikonal
interactions. Unfortunately, eikonal interactions are insensitive to the spin content of the
process. So, in order to bring in spin information, it is necessary to include sub-eikonal
contributions. The subject of this paper is the derivation of these corrections to the quark
and gluon propagator in the background of a shock-wave. These results represent the rst
necessary step to include spin dynamics in the high-energy OPE formalism.
In refs. [26, 27] sub-eikonal corrections to scalar and gluon propagators have been
calculated in order to construct a formalism that provides evolution equations of gluon
Transverse Momentum Distribution (TMD) from low to moderate xB. In this paper,

















contributions coming from the transverse gauge elds neglected in refs. [26, 27]. In addition,
I compute the sub-eikonal corrections to the quark propagator. The results obtained in
this paper can be used to study, for example, quark-TMDs with spin and to check results
obtained in refs. [28{34].
Corrections to the eikonal formalism have been considered also in the contest of spin
asymmetries in proton-nucleus collision. In ref. [35], for example, sub-eikonal corrections
for the retarded gluon propagator have been calculated.
Sub-eikonal corrections have also been considered in the contest of high-energy QCD
at xed angle and resummation of threshold logarithms [36, 38].
The paper is structured as follows. In section 2.1 and in appendix A we introduce the
formalism and derive the leading-eikonal scalar and quark propagator. The sub-eikonal
corrections to the scalar propagator are derived in section 3. This result is a necessary step
to derive the sub-eikonal corrections to the quark propagator, in section 4, and to the gluon
propagator in light-cone gauge, in section 5. In the appendix we consider a modication
of the shock-wave picture, that is, we consider the case in which the particle starts or ends
its propagation inside the external eld. In the appendix we also include an alternative
derivation of the eikonal quark propagator and we calculate the sub-eikonal corrections to
the gluon propagator in background-Feynman gauge.
2 Eikonal approximation for scalar and quark propagators
We start our analysis with the derivation of the scalar and quark propagator in the back-
ground of a shock-wave in eikonal approximation. We will use this preliminary step in
order to introduce the formalism that will be used through out the paper.
2.1 Scalar propagator in the eikonal approximation
The idea of the shock-wave formalism is based on the observation that high-energy regime
can be reached not only rescaling the longitudinal momenta of the projectile-particle by
a large parameter, but also performing a longitudinal boost of the elds generated by the
target-particle. We will study the propagation of a particle in the background of a highly
boosted gluon led.
Let p1 and p

2 be two light-cone vectors such that p1p

2 = p1  p2 = s2 . We assume
that the projectile-particle is propagating along p1 direction, while the target particle is
moving along p2 direction. Using the two light-cone vectors we can perform a Sudakov




?. We also dene the light-cone












+ with x = x
0x3p
2
. We refer the
reader to the appendix A for further details on the notation that will be used.
The gauge eld A generated by the target, under a boost, gets rescaled by a large
parameter  as follows
A(x; x; x?)! A( 1x;  x; x?) ;
A(x; x; x?)!  1A( 1x;  x; x?) ; (2.1)

















and the eld strength tensor as
Fi(x; x; x?)! Fi( 1x;  x; x?) ;
Fi(x; x; x?)!  1Fi( 1x;  x; x?) ;
F(x; x; x?)! F( 1x;  x; x?) ;
Fij(x; x; x?)! Fij( 1x;  x; x?) : (2.2)














d 4k  (4)(k) = 1.
Because of the innite boost, in rst approximation, we can assume that the eld
operator A^ commutes with the ^ = i
@
@x operator where, as we already mentioned above,
 is the longitudinal component along the light-cone vector p1. The eikonal approximation
is based on the observation that, the only component surviving the boost is A so, P^ 2 '
p^2 + 2gA^. If A(x) is small in comparison with the typical distance (x   y), we can
represent the propagator as a series
hxj i
P^ 2 + i







jzi2 i A(z; z?)hzj i
p^2 + i
jyi+ : : : : (2.4)
Alternatively, expansion (2.4) can also be expressed through Schwinger's proper time
integral
hxj i













dt0 hxjei(t t0)(p^2+i) 2 gA^ ei(p^2+i)tjyi+ : : :

: (2.5)
Using either (2.4) or (2.5), the expansion of the scalar propagator reduces to
hxj i
































(z y)jy?i+ : : :

: (2.6)
We are interested in the shock-wave picture relevant for high-energy scattering so, we

















eld strength tensor is dierent then zero (see gure 1). With this assumption we can
rewrite expansion (2.6) as
hxj i








































y jy?i : (2.7)
So far, to arrive at the propagator given in eq. (2.7), we have implemented only two
consequences of the longitudinal Lorentz boost of the external eld: the commutation
relation [^; A^] = 0 and the fact that the most dominant component of the gauge external
eld is A. Indeed, since we are considering an innite Lorentz boost, we can perform
further approximations.
Propagator (2.7) describes the propagation, following any path from point z?+ 2sxp1
to point z0? +
2
syp1 in the external eld A
(x) = (A(x; x?); 0; 0), of a spinless particle.
Notice that, the particle propagates between points (x; x; x?) and (y; y; y?), while the
eld strength tensor, because of the longitudinal boost, is dened within an innitesimal
interval in the longitudinal direction. In other words, F(!; !?) 6= 0 for ! 2 [ ; ]
with 0 <   1 and, since we are in the shock-wave case, x; y =2 [ ; ].
Since we are boosting the coordinates, the longitudinal distance traveled by the particle
in the external led is rescaled under a boost as ! ! 1! while the gauge eld is rescaled
as A ! A with  1 the boost parameter. So, we can make a further approximation







! = A(!) +O(0) : (2.8)
Making use of (2.8) in propagator (2.7), we obtain
hxj i






















y jy?i ; (2.9)
where we have dened the gauge link at xed transverse position z? as










Propagator (2.9) describes the propagation of the particle in the external eld along a
straight-line. Deviation from the straight-line propagation are taken into account by the
higher order terms neglected in eq. (2.8). We will consider them in the next section.
In the shock wave approximation we can trade the nite gauge link with the innite

























Figure 1. Particle propagating in an external gluonic eld. The red strip represents the shock-wave
dened in the innitesimal interval [ ; ] in which F 6= 0. The light-red areas to the left and
to the right of the shock-wave represent the background led made of pure gage eld. The curvy
line is the particle's path from point x to point y. The dotted lines represent the Wilson lines.
tensor, Fi, has an innitesimal thin support in x coordinate. We assumed that Fi is
peaked at the origin and outside the innitesimal interval [ ; ], Fi = 0 (see gure 1).
In the gauge rotated eld A
 the gauge eld outside the external eld is zero so, we
can trade the gauge link [; ] with the innite Wilson line [1p1; 1p1]. In this gauge
we can then write
hxj i






















y jy?i ; (2.11)
where we have dened the innite Wilson line Uz at xed transverse position z? as














Notice that, because of the innite boost, we have set A? component to zero, so, since it
is a pure gauge, it can be restored, for example, as a transverse gauge link (see gure 1).
2.2 Quark propagator in eikonal approximation
We consider now the quark propagator in the eikonal approximation. From now on we
work in the gauge rotated eld A
. This allows us to set to zero the transverse elds at
the edges of the gauge elds, i.e., Ai(x) = Ai(y) = 0.
We proceed in the same way as in the scalar propagator case. After boosting the elds,
we consider only the dominant component of the gauge elds and write
hxj i
=^P + i
jyi 'hxj =^P i














P^ 2 + i
  i

























where P 2 ' p2 + 2gA. Notice that, because =p2=p2 = 0, there is only one term surviving
the expansion in (2.13). In appendix B we will consider an alternative way of expanding
the quark propagator in the external eld. However, to study the sub-eikonal corrections
the expansion used in this section is more convenient.
In (2.13), for each factor 1
P 2+i

























together with the identity







































y jy?i : (2.16)
Note that, in using eq. (2.14) we have neglected the delta function (x  y) coming from
the dierentiation of the Theta functions (x y) and (y x) of the scalar propagator
eq. (2.9). This is because we are assuming that x 6= y.
Quark propagator (2.16) is in covariant gauge form. An equivalent expression of the






















=^p =p2[x; y]=^p  =^p =p2
h





y jy?i : (2.17)
To arrive at eq. (2.17) from eq. (2.16) we have carried one of the =^p operator to the right of
the gauge-link. The quark propagator in eq. (2.17) is not in gauge covariant form but it is
suitable for the shock-wave picture. Indeed, in the shock-wave approximation, =A?(x) and
=A?(y) are zero in the gauge rotated eld A
 we are working in. Moreover, the gauge-link
[x; y], reduces to [; ]. At this point we can extend the limit of integration  ! 1








































In (2.18) the shock-wave picture is now evident: we have free propagation from point
x to the point of interaction z with the shock wave, eikonal interaction with the shock
wave, which is represented by the innite Wilson line multiplied by =p2, and then again free
propagation from point z to point y (see gure 1). Propagator (2.18) is the one that has
been used so far in all the results that have been obtained in the high-energy Wilson-lines
formalism. In this paper we are interested in the sub-eikonal corrections to (2.18).
3 Sub-eikonal corrections to the scalar propagator
In the previous section, to obtain the quark propagator in the eikonal approximation, we
have used the scalar propagator as intermediate step. For the sub-eikonal corrections we
proceed in a similar way: we rst derive the sub-eikonal correction to the scalar propagator,
and then use this result as a useful intermediate step in order to get the sub-eikonal
corrections to the quark propagator.
We consider a background gauge eld with all components dierent then zero:
Acl (x; x?) = (Acl (x; x?); Acl (x; x?); Acl?(x; x?)). From now on we shall omit the
superscript \cl" from the classical eld. The shock-wave now has a nite width, so
we have to identify the sub-dominant components of the momentum operator P^ 2 =
fp^?; A^? g+ f2s P^; A^g   gA^2?. First, let us notice that we can get rid of the term fP^; Ag
observing that
hxj 1
p^2 + 2gA + i
AP^
1













































y jy?i = O( 2) ; (3.1)
where in the rst step we inserted
R












i@z + gA(z; z?)
















y jy?i ; (3.3)




[x; y] = 0. Similarly, we can drop the





















Let us dene O^  fp^?; A^? g   gA^2? so, P^ 2 = p^2 + 2gA + gO^. The scalar propagator
in the boosted external led can now be written as
hxj i
P^ 2 + i
jyi = hxj i











































y jy?i : (3.4)
We are interested in corrections to the eikonal propagator that go like 1 , so in the








































after some algebra, we arrive at the desired expression of the scalar propagator with sub-
eikonal corrections
hxj i












































P i; [x; !]
2
s









































In the shock-wave limit, the elds outside the shock-wave are pure gauge and the scalar




















































Except for the terms with the transverse elds at the edges (i.e. at the points x and y),
propagator (3.7) coincides with the one obtained in ref. [26].
In next section we will derive, following a similar procedure, the sub-eikonal corrections
to the quark propagator. To this end the result obtained in this section, eq. (3.7), will be
an essential intermediate step. It is useful to notice that, the terms with transverse elds
at points x and y in eq. (3.7) cannot be set to zero when we use the scalar propagator as
intermediate step because, as we will see in next section, the points x and y might just
be the points in the middle of the shock-wave.
4 Sub-eikonal corrections to the quark propagator
In this section we derive the sub-eikonal correction to the quark propagator in the back-
ground of gluon led and quark anti-quark eld. We will star with the gluon eld case rst.
4.1 Quark propagator in the background of gluon eld
As already mentioned before, the sub-eikonal corrections to the scalar propagator, eq. (3.7)
will be an essential intermediate step.
Our starting point is
hxj i
=^P + i
jyi = hxj=^P i

























































y jy?i ; (4.1)
where we have dened B  O + 4
s2
gF + g2Fij
ij and  = i2(
   ).



























Fi =p2i + i
!
s

























Now we have to expand the path ordered exponential of the right-hand-side of (4.2)















































































































































With the help of some algebra (see appendix D for some details of the derivation), we can




































































































































































































and note that i[p2?; gA(x)] = gfpi; Fi(x) + DAi(x)g. The eld strength tensor
Fi(x) = 0 since x is outside the shock-wave (see gure 1). Similarly, we can set all
the transverse elds at the edges of the gauge-link (outside the shock-wave) to zero since




























































































P i; [x; !]
2
s
















































































  fP i; (i =D?[x; z])Fi[z; y]g  

P i; [x; z]Fi(i =D?[z; y])
	





y jy?i : (4.7)
In order to have =^p to the left and to the right of the gauge link, which is suitable for the


















































































































































where we have used Fij(x) = Fij(y) = 0, as points x and y are outside the shock-wave
(see gure 1). To arrive at eq. (4.8) we have used eqs. (A.5), (A.6), (A.7), and the fact
that ^ commutes with all elds.





















































































y jy?i : (4.9)



























































p^k; [x; z]iFkjj [z; y]
	














































































































































































y jy?i : (4.12)
To underline the structure of result (4.12), we dene the following two operators





































































































































  [x; !] i 2
s
































































Equation (4.17) is the nal result for the quark propagator with sub-eikonal corrections in
a non symmetric form. In next section we will rewrite it in a symmetric form with respect
to left and right of the shock-wave.
4.1.1 Symmetrizing the quark-sub-eikonal corrections
We observe that the sub-eikonal contribution O^1 has, like the leading-eikonal term, the
operator =^p to its left and to its right, while the sub-eikonal contribution O^2 has the operator
=^p only to its left. We can eliminate the asymmetry between the propagation to the left and









=P 2 + i
+
i




We have to consider eq. (4.10) and eq. (4.11) with =^p=p2=^p to the right and the nal result for




















































Figure 2. Typical diagram for quark propagator in the background of quark elds. We indicate
in blue the quantum eld while in red the background one.
The operators O^1, O^2 are the sub-eikonal corrections to the quark propagator that
measure the deviation from the straight-line due to the nite width of the shock-wave.
4.2 Quark propagator in the background of quark and anti-quark elds
Up to this point we considered only the background gluon eld. In this section we consider
the propagation of a quark in an external eld made of quarks and anti-quarks as well (see
gure 2). Our starting point is








Propagator (4.20) is made of three terms: two quark propagators in the background of
gluon eld and Gab the gluon propagator in the background of gluon eld. Moreover, at
point z and z0 we have the insertion of the background quark elds. The leading eikonal
contribution of propagator (4.20) is




















































d![x; !]Fi[!; z]ta (z)Gab(z; z0)  (z0)tb [z0; y]=p















y jy?i+O( 2) ; (4.21)
where Gab can either be the eikonal term of the gluon propagator in the background-
Feynman gauge eq. (F.28) or the eikonal term of the light-cone gauge, p2A
 = 0, propa-






z =  + O( 1) and

















We can simplify further eq. (4.21). Indeed, DF a =  g  ta so we can use the
following scaling under the boost
 ta=p1 !   ta=p1 ;  ta?  !  ta?  ;  ta=p2 !  1  ta=p2 : (4.22)
With this power counting in mind, the nal result for the quark propagator in the back-
ground of gluon eld is



































Notice that, the result (4.23) is independent of the gauge used for the gluon propagator.
5 Sub-eikonal corrections to the gluon propagator
In this section we calculate the sub-eikonal corrections to the gluon propagator in the in
the Light-Cone gauge p2A
 = A = 0 in the shock-wave limit. In the appendix F.1 we
will calculate the gluon propagator in the background-Feynman gauge.
These corrections have been calculated in refs. [26, 27] for an external eld A =
(A; 0; 0). We will consider, instead, an external led with transverse components dierent
than zero, namely, A = (A; 0; A?).
5.1 Gluon propagator in the light-cone gauge
















where D = @  igAcl . We omit the superscript \cl" from the external eld from now on.
The issue of xing properly the sub-gauge conditions will not be discussed here. For this,
we refer the reader to ref. [39].
In Schwinger notation the gluon propagator (5.1) can be written as
ihAa(x)Ab(y)i  iGab(x; y) = hxj
1


















where we dened  = P 2g + 2i g F . It easy to show that (5.2) satises a recursion































































We need only the terms which are linear and square in the source DF a(x)= g  (x)ta (x)



































































































































We are interested in calculating corrections up to 1 . It is easy to check that we need to
expand  in terms of F up to F 3 terms (in subsequent algebra we will omit the +i





















where we dened the operator O as
























































































































































































































































Note that the terms in square bracket contain both eikonal and sub-eikonal terms, while
the terms outside the square bracket are only sub-eikonal terms. After a bit of algebra we
can rewrite (5.7) as




















































































































































In eq. (5.8) we need to make expansion of the operator P 2. We have to use the leading-
eikonal scalar propagator (in the adjoint representation) for the terms that are already
sub-eikonal i.e. all terms in the square bracket, while we need to use the scalar propagator
with sub-eikonal corrections, eq. (3.7), for the rst term right after equal sign in eq. (5.8).
Since we are considering the shock-wave case we can disregard the terms with elds at the





















































































y jy?i+O( 2) ; (5.9)
where we dened


























































































































Equation (5.9) is our nal result for the gluon propagator with sub-eikonal correc-
tions in the light-cone gauge. At this point we can send x ! 1 and y !  1 and


















x y y x
Figure 3. Typical diagram and cross-diagram for gluon propagator in the background of quark
elds. As usual, we indicate in blue the quantum eld while in red the background one.
5.2 Gluon propagator in the light-cone gauge in the background of quark and
anti-quark elds
In the previous section we considered the gluon propagator in the axial gauge in the
background of gluon elds. We now consider the gluon propagator in the background of
quarks and anti-quarks in the axial gauge. In section F.2 we will consider the background-
Feynman gauge.
The Feynman diagram is given in gure 3














To disentangle the eikonal terms from the sub-eikonal ones, we will use again the
scaling in eq. (4.22). The rst thing we observe is that the gluon propagator in the axial
gauge in the background of quark and anti-quark elds starts already with sub-eikonal
contribution. Therefore, it is sucient to use the eikonal gluon propagator (5.9) and the
eikonal quark propagator (2.9) to obtain




















































































z =  (z) +O()
and similarly for  .
Equation (5.16) is the gluon propagator in the background of quark and anti-quark
elds. Contrary to the background-Feynman gauge, as we will see in the appendix, in the
axial gauge the gluon propagator in the quark anti-quark external elds does not have any

















5.3 Summing up the gluon and quark anti-quark external elds contributions
We can now write the nal expression for the gluon propagator in the light-cone gauge in




































































































































All terms in curly brackets in eq. (5.17) are the sub-eikonal corrections: they scale as  1
under the longitudinal boost.
6 Conclusions and outlook
In the high-energy OPE formalism, in the eikonal approximation, the evolution equations
of the relevant operators, the innite Wilson lines, are the non-linear evolution BK or
B-JIMWLK evolution equations. When sub-eikonal terms are included, new operators
appear and, consequently, new non-linear evolution equations need to be derived. The
new evolution equations will describe, for example, the high-energy dynamics of scattering
processes with spin. These sub-eikonal corrections to high-energy OPE are similar to
higher-twist corrections to the usual light-ray OPE [40] which are now important part of
QCD phenomenology [41{44].
The advantage of the operatorial formalism adopted in this paper is provided by both
the gauge invariant representation of the sub-eikonal operators, and by the systematics
provided by the OPE formalism. Indeed, given an operatorial denition of the observable,
like, for example, the T-product of two electromagnetic currents in DIS, the application of
the high-energy OPE will provide a systematic description of the observable in terms of
coecient functions and matrix elements of the relevant operators evaluated in the target
state. The relevant operators are provided by the propagation of the projectile-particle in

















The main results obtained in this paper are the sub-eikonal corrections to the quark
propagator given in eq. (4.19), and to the gluon propagator in the light-cone gauge given
in eq. (5.9).
The rst step we made was the calculation of the scalar propagator and its sub-eikonal
corrections given in eq. (3.7). To obtained this rst result, we showed that the term
fP^; Ag, which is related to the possibility for the elds to have dependence also on x,
is actually a sub-sub-eikonal correction. We proved it in two dierent ways. We have also
shown that the non gauge-invariant terms at the edges of the gauge elds in eq. (3.7),
which can be put to zero being pure gauges, actually play an important role: when the
scalar propagator is used in intermediate steps, these non gauge-invariant terms may be in
the middle of the shock-wave and therefore cannot be put to zero.
In the quark propagator eq. (4.19), the new gauge invariant operators are given in the
denition of O^1, O^2 in eqs. (4.13) and (4.14) respectively.
To get the sub-eikonal terms we had to assume that the external eld has a nite
width. As a consequence one has to consider also the possibility that the scattering particle
starts (or ends) its propagation inside the target-led. To this end, we have derived scalar
propagator (E.4) and the quark propagator (E.9) which take into account this possibility.
In section 5.1 we have calculated the sub-eikonal corrections to the gluon propagator in
the light-cone gauge. In ref. [27] such correction have been calculated for a background eld
A(x) = (A(x; x?); 0; 0). Here we considered an external eld where all the components
of the external eld are dierent then zero. The result is given in eq. (5.17); it includes the







4 , given in equations (5.11), (5.12), (5.13) and (5.14), respectively,
are the result of an external gluon eld with all led components dierent then zero,
while eq. (5.16) is the sub-eikonal corrections due to quark anti-quark external elds. In
background-Feynman gauge, instead, the gluon propagator is given in eq. (F.28), and the



















5 in eqs. (F.4), (F.5), (F.6), (F.7), (F.8), and (F.9)
and (F.22), (F.23), (F.24), (F.25), (F.26), respectively.
In refs. [32, 33] it was shown that both the gluon and the quark distribution con-
tribute equally to the spin structure function at low-xB. This result was obtained within
the double-logarithmic approximation (DLA). To study the quark distribution within the
Wilson-line formalism, in section 4.2, we considered also the sub-eikonal corrections due
to quark and anti-quark in the target-external eld. The quark propagator with such sub-
eikonal corrections is given in eq. (4.23). Not only will this result be relevant for high-energy
spin-dynamics but also to obtain sub-eikonal corrections to the BK equation. Although
such corrections to the BK equations are energy suppressed, one may obtain for the rst
time the Regge limit of scattering amplitudes with two-fermions in the t-channel [34] within
the Wilson-line formalism.
The applications of the results derived in this paper does not end with high-energy
spin-dynamics. The TMD formalism developed so far (for a review see, [45]) does not
describe data at suciently low-xB. If one wants to have at hand a formalism that can

















way to connect to lower energies and thus moderate xB. In the case of gluon TMDs this
connection has been already made in refs. [26, 27]. In the case of quark-TMDs, instead,
one my use the results derived in this paper, although here we have not included terms
coming from twist expansion since we considered classical elds and quantum elds with
comparable transverse momenta. Corrections due to the hierarchy between the transverse
momenta of the quantum and classical eld is left for future publication.
The author is grateful to I. Balitsky and V.M. Braun for valuable discussions.
A Notation
In this section we explain some of the notations used through out the paper.
Given two light-cone vectors p1 and p





2 , we can decompose any





















and x = x
0x3p
2
. We use the notation x? = (0; x





 =  x2?. So, Latin indexes assume values 1; 2, while Greek indexes run from
0 to 3.
We dene the gauge link at xed transverse position as








The derivative of the gauge link with respect to the transverse position is
@
@zi




ds [up1; sp1]zFi(p1s+ z?)[p1s; p1v]z ; (A.2)
with index i = 1; 2. From (A.2) we may formally dene the transverse covariant derivative
Di that acts on a non-local operator as
iDi [up1; vp1]z  i @
@zi







ds [up1; sp1]zFi(p1s+ z?)[p1s; p1v]z ; (A.3)




= Ai(z? + up1)[up1; vp1]z  
[up1; vp1]z Ai(z? + vp1).
Given a gauge link [x; y]z  [2sxp1 + z?; 2syp1 + z?], in Schwinger notation we have
hx?j[x; y]jy?i = [x; y]x (2)(x  y) : (A.4)








d! [x;!]Fi[!;y]jy?i ; (A.5)
where we used again the short-hand notation [x; !]Fi[!; y] = [x; !]Fi(!)[!; y].

















even though the transverse coordinate has not been specied yet and, as matter of fact, it
does not have to in order to know how it acts on the gauge link. Therefore, through out the
paper we will make quite a bit of algebra involving the gauge link, the momentum operator
Pi and the covariant derivative iDi without specifying the bra hx?j and the ket jy?i.
At this point, one is tempted to identify the covariant derivative iDi as the usual
covariant derivative which acts on a local operator. This identication would not be correct.
Indeed, one can easily check that
iDi; iDj

[x; y] = igFij [x; y]  ig[x; y]Fij : (A.6)
To arrive at (A.6) we have implemented the denition of iDi given in (A.3).
Another identity involving Di that we will often use is
iDj([x; !]Fi[!; y]) = (iDj [x; !])Fi[!; y] + [x; !]Fi(iDj [!; y])












dz[x; !]Fi[!; z]Fj [z; y]
+ [x; !](iDjFi)[!; y] : (A.7)
Notice that in eq. (A.7) derivative Di acts on the gauge link, while the usual covariant
derivative Dj acts on the local eld operator Fi with respect to the transverse coordinate
that will be specied in a second step according to Schwinger notation (A.4). So, as we
can see from the rst line after the equal sign in eq. (A.7), Di follows the usual Leibnitz
rule for derivative of product of functions with the exception that when Di acts on a gauge
link it acts as in eq. (A.3), while when it acts on a local led operator it becomes the usual
covariant derivative. It is now easy to show that


























![x; !](iDiFi)[!; y] ; (A.8)
where D2? =  DiDi.
B An alternative type of expansion for the quark propagator
The procedure we adopted in section 2.2 to obtain the quark propagator in the eikonal




jyi = hxj 1
=p+ i
































Figure 4. Diagrammatic expansion of the quark propagator in the external eld. Quantum elds
are in blue, while classical elds are in red as usual.
which is diagrammatically shown in gure 4. Now we are interested only in the eikonal








































































(z0 y) =^p jy?i :







































y =^p jy?i : (B.3)








z = A^(z) +O(0) ; (B.4)























y =^p jy?i : (B.5)
Notice that to arrive at propagator (B.5), which is already in the shock-wave form, we did
not need to perform the gauge rotation we performed in section 2.2, because expansion (B.1)

















eld, as can also be seen from its diagrammatic representation in gure 4. In other words,
when we start drawing Feynman diagrams, like in gure 4, we are implicitly xing a gauge
for the external eld.
C The fP^; Ag term
In section 3 we showed that the term fP^; Ag is actually a sub-sub-eikonal correction. We
now demonstrate the same thing following an alternative procedure. To this end, we notice
that (for simplicity we omit the +i prescription from each 1
























Thus, we are left with sub-eikonal corrections with the A (a gauge dependent term) only
at the edges of the gauge link. When we use the scalar propagator in intermediate steps
















































So, once again, we arrived at an expression which has the non gauge-invariant terms only
at the edges of the gauge links and they could be eliminated by a proper gauge choice since
























































































































































































y jy?i = O( 2) ; (C.4)




[x; z] = 0. Clearly, the advantage of the
procedure adopted in section 3 is that one does not have to deal with non gauge-invariant
terms even though they are at the edges of the gauge links.
D Some calculation details of the sub-eikonal corrections to the quark
propagator
In this section we present some details of the calculation to obtain eq. (4.4). Our starting















































































































































Our goal is to rewrite (D.1) in a gauge invariant form. To this end, we divide the right-

















Using result (3.7), the rst piece in (4.3) reduces to




























































P i; [x; !]
2
s






































[!; y] : (D.2)
Next, making use of the following identity
[p2?; Fj] = g
 fP i; Aig   gAiAiFj
  gFj
 fP i; Aig   gAiAi  fP i; (iDiFj)g ; (D.3)















































 fP i; Aig   gAiAiFj   gFj  fP i; Aig   gAiAi[!; y]
  2
s









Note that identity (D.3) highlights the importance of the transverse elds at the edges of
the gauge-link in the scalar propagator (3.7). These terms can be set to zero only when
they are at the point x and y, but when we use the scalar propagator as an intermediate
step, these terms will not always be at the edges. So, setting them to zero once and for all,
































































































































































































  fP i; (=D?[x; !])2
s



















We can now sum the four terms (D.2), (D.4), (D.5) and (D.6) and, since we are interested
in the shock-wave limit, we can disregard the elds that are at the edges of the gauge-links,



































































































































































where we have dened B1  4s2F + 12Fijij .
Note that, to get to eq. (D.7) we could have started, alternatively, from the following
type of expansion
hxj=P i






































p2 + 2gA + gO
  i



































and, substituting the scalar propagator with sub-eikonal corrections, eq. (3.7), for each
i
p2+2gA+gO factor, and the eikonal scalar propagator, eq. (2.9), for each
i
p2+2gA factor,
we would get to the same gauge invariant expression, eq. (D.7), with the help of steps
similar to eqs. (D.2), (D.4), (D.5) and (D.6).
E Quark and scalar propagators with one end-point in the external eld
E.1 Scalar propagator
In section 3 we derived the scalar propagator for the shock-wave case, that is, for the case
in which the particle starts and ends its propagation outside the shock-wave as shown
in gure 1. We expanded around a point which is in the middle of the external eld,
eq. (3.5). We are now interested in the scalar propagator for a particle that starts or ends
its propagation inside the external eld. We consider the case in which the point x is in
the shock-wave, i.e. inside the interval in which the led strength tensor is dierent then
zero. In this case, expansion (2.6) can be written as
hxj i
























































In eq. (E.1), we observe that the coordinate x, which is the end point of the particle's
propagation, is now in the path ordered exponential. This means that both, particle and
external eld end at x. We can now repeat the same steps we performed in the previous
section and arrive at
hxj i



































P i; [x; !]
2
s
























We will now show that, since the particle ends its propagation inside the external eld at
point x, the non gauge-invariant terms, the transverse eld Ai, will be only at point y.























































To arrive at eq. (E.3) we have pushed the operator Pi to the right of the gauge link up to
point y which is the point outside the range in which F cl 6= 0. Hence, result (E.2) can be
written as
hxj i





















































































Figure 5. Particle starts its propagation within the shock-wave. In this case the pure gauge is
only to the left of the shock-wave.
All non gauge-invariant terms in (E.4) are now only to the right of the gauge links, that
is to the point y. This is opposite to what we have in eq. (3.7) which has the transverse
eld Ai on both edges of the gauge link (i.e. at points x and y). In the gauge-rotated
eld A
, we can set such non gauge-invariant terms to zero.
In a similar way we can expand with respect to y? + 2sp1y and get
hxj i
























































(!   y)F i(!)[!; y]
+ 2P i[x; !]
2
s
(!   y)Fi(!)[!; y]
)
jy?i+O( 2) : (E.5)
In eq. (E.5) we have the non gauge-invariant terms only at point x
E.2 Quark propagator
In this section we derive the sub-eikonal corrections to the quark propagator with one
end-point inside the external led. To this end we need to use result (E.4). Let us suppose
that x? + 2sp1x is the end-point of the quark propagator in the external eld as shown in
gure 5. It is convenient to start from the following expression of the quark propagator
hxj i
=^P + i
jyi = hxj i
p^2 + 2gA + gB + i2sgFi =p2
i + i





































































 i  =@ y + g2
s











=@ y + g
2
s




















(y x)jy?i e i(x y) : (E.8)
At this point the procedure we have to adopt is the same as the one performed in the



































































































































Equation (E.9) is the nal result for the quark propagator with sub-eikonal corrections




2 in the external eld. Note that, in (E.9), the non gauge-invariant
terms are those with gauge eld Ai only at point y which, being outside the shock-wave,
can be set to zero (see gure 5). In eq. (E.9) the action of the covariant derivative Di can
be performed using its denition (A.3).
F Gluon propagator in the background-Feynman gauge
F.1 In the background of gluon eld
Let us consider gluon propagator in the background-Feynman gauge DAq = 0 where
again D = @   igAcl . The superscript \cl" will be omitted again from now on. The
propagator in Schwinger formalism can be written as
ihAa(x)Ab(y)i = hxj
1
P^ 2 + 2igF + i
jyiab (F.1)
where P^ 2 = p^2 +2gA^+gfp^?; A^? g+ 2sgfP^; A^g g2A^2?. We will omit the symbol ^ from
the operators, for simplicity. We dene again the operator O  fp?; A? g+ 2sfP; Ag gA2?
and get rid of the term fP; Ag as we did in section 3.
Let us expand eq. (F.1) in F up to F
3 terms, which are the ones relevant to get the












































































































































































In eq. (F.2) the terms in the square bracket are sub-eikonal terms so, for those terms, for
each of the 1
P 2
factors, we need the leading-eikonal scalar propagator. The terms outside
the square bracket, instead, contain both eikonal and sub-eikonal corrections so, for those
terms, for each 1
P 2
, we need the scalar propagator with up to sub-eikonal corrections,





















































































































; !] Fi [!; y]
#ab
(F.4)







































































































































































































































































































[x; !]Fij [!; y]
ab
(F.8)















Equation (F.3) is the nal result of the gluon propagator with sub-eikonal corrections



























F.2 In the background of quark and anti-quark elds
Let us consider the gluon propagator in the background of quark and anti-quark elds. As
we have anticipated in 5.2, in the background-Feynman gauge the gluon propagator in the
background of quark and anti quark elds receives a eikonal contribution. The diagram














To proceed, we need the eikonal gluon propagator in the gluon external eld with the
transverse Ai elds at the edge of the gauge link (i.e. at point z1 and z2) not set to zero
like eq. (3.7) for the scalar propagator. The reason is two folds. First, we need to extract
eikonal and sub-eikonal contributions and second, the gluon propagator has points z1 and













































































































































































































































Note that, we can use P = p = s2 because A will contribute as a sub-sub-eikonal term.
In eq. (F.10) we have two integrations over the -components z1 and z2, so we can use
=P 2 = p2 +2gA+ ig 2sFi
i=p2 +O(
 1) neglecting all other sub-eikonal terms because they
would contribute as sub-sub-eikonal corrections.






 tc=p1P iP 2 t
d . Let us observe that, using scalar propagator (3.7), we have
hz1jP i
p2 + 2gA + gO
jz2i = iDz1 hz1j
i




























































and similarly we have
hz1j i
























z2 jz2?i ; (F.15)
where P 2? =  P iPi, and in section 3 we dened O = fp; A?g   gA2?.
Let us consider rst the term hz1j i2 jz2i from which we will have to extract eikonal
































































































s y jy?i : (F.17)






z =  (z) + O() and similarly
for  . The terms (DiFi) and 2s (DF)
cd in eq. (F.17) are the eikonal contributions to the
gluon propagator in the background of quark and anti-quark elds, while fP k; (iDkDiFi)+
2



















































 fP j ; Ajg   gAjAj(DiFi)+2s (DF) and g(DiFi)+2s (DF) fP j ; Ajg 
gAjAj

will cancel out with similar terms coming from the gluon propagators (F.11)
and (F.12). We can rewrite eq. (F.17), pushing the operator P j all to the left and to















































































s y jy?i : (F.19)

















Next, we consider the terms P 2?[z1; z2] and [z1; z2]P
2
? (without the cross diagram)
which are sub-eikonal corrections. We have









































































P 2?  (z1)  (  (z1)
  




[z1; x]ta=p1[x; y]tb[y; z2] (z2)[z2; y] +  (z1)[z1; x]ta=p1[x; y]tb[y; z2]

h












z1 =  +O( 1) and similarly for  .
The other terms in eq. (F.13) will contribute as sub-eikonal terms so, the nal result













































































































































































P 2?  (z1)  (  (z1)
  




[z1; x]ta=p1[x; y]tb[y; z2] (z2)[z2; y] +  (z1)[z1; x]ta=p1[x; y]tb[y; z2]

h

























Pj  (z1) + ( i  (z1)  D j)


























[z1; x]ta[x; !1]gFi[!1; y]tb[y; z2]














































[z1; x]ta[x; !1]gFj[!1; y]tb[y; z2]


































[z1; x]ta[x; !1]gFj[!1; !2]gFi[!2; y]tb[y; z2]
  [z1; !1]gFj[!1; x]ta[x; !2]gFi[!2; y]tb[y; z2]
+ [z1; !1]gFj[!1; x]ta[x; y]tb[y; !2]gFi[!2; z2]































[z1; x]ta [x; !1]gFj[!1; !2]gFi[!2; y]tb[y; z2]































[z1; x]ta[x; !1]gFj[!1; !2]gFi[!2; y] tb[y; z2]




































z2  (z1)? =p1
?
 [z1; x] t
a[x; y]tb[y; z2] (z2)
(F.24)
















































! [z1; x] ta[x; y]tb[y; !]gFj[!; z2]
#
 (z2) (F.25)

















































[z1; x] ta[x; y]tb[y; z2] (z2)
#
(F.26)
Notice that in Qab4 we can use
 iDj
 






















! [z1; x] ta[x; y]tb[y; !]gFj[!; z2]
(F.27)
and Qab1(x; y; p?) includes both diagram and cross diagram, so we did not need to
include Qba1(y; x; p?) in eq. (F.21).
Equation (F.21) is the nal result for the gluon propagator in the background-Feynman
gauge in the quark and anti-quark external elds.
F.3 Summing up the gluon and quark anti-quark external elds contributions
We can now sum up the contribution due to the gluon external eld eq. (F.3) and the
quark and anti-quark external eld eq. (F.21) and obtain the nal expression of the gluon




























































































































Equation (F.28) is the gluon propagator in the background-Feynman gauge up to sub-
eikonal corrections. All the sub-eikonal corrections, which scale as  1 under the longitu-
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